Towards a solution of two dimensional QCD by Abdalla, E.
ar
X
iv
:h
ep
-th
/9
51
01
39
v1
  1
9 
O
ct
 1
99
5
TOWARDS A SOLUTION OF TWO-DIMENSIONAL QCD
E. ABDALLA
International Centre for Theoretical Physics - ICTP
34100 Trieste, Italy
ABSTRACT
Using the well-known result for the fermionic determinant in terms of a
WZW theory, we write QCD2 in bosonized form. After some manipulations we
give two versions of the theory, where it is factorized as a product of the con-
formally invariant WZW models, ghost terms, and a WZW action perturbed
off criticality. We first prove that the latter is an integrable model. Further-
more, as a consequence of the BRST analysis, there are several constraints.
Second-class constraints also show up. Using the integrability condition we
find higher conservation laws, their action on the asymptotic states, and we
propose an exact S-matrix for the physical excitations. The vacuum structure
is analysed, and we prove that a finite number of different vacua exist. An
outline of possible generalizations of the procedure is given.
The QCD2 Lagrangian with massless quarks and the corresponding partition
function are given by the expressions
L = −
1
4
trFµνF
µν + ψ(i 6∂ + e 6A)ψ , (1)
Z =
∫
DψDψDAµ e
i
∫
d2z L , (2)
with the notation defined in [1]. The bosonized version of the theory was obtained
by rewriting the fermionic determinant det i 6D as a bosonic functional integral as
det i 6D
det i 6∂
≡ eiW [A] =
∫
Dg eiSF [A,g] , (3)
where W [A] ≡ −Γ[UV ], with Γ the WZW action, and the effective action SF [A, g]
is the gauged WZW action. The external sources will be dropped in the following
(see [1] and [2] for details). The non-linearity in the gauge-field interaction can be
disentangled by means of the identity
e−
i
4
∫
d2z trFµνF
µν
=
∫
DE e−i
∫
d2z [ 12 trE
2+ 12 trEF+−] , (4)
where E is a matrix-valued field. Thus we arrive, for the partition function, at the
expression
Z =
∫
DEDUDVDg × eiΓ[UgV ]−i(cV +1)Γ[UV ]−i
∫
d2z tr [ 12E
2+ 12EF+−] , (5)
where cV is the quadractic Casimir. We should also include a term m tr (g+g
−1
)
in the effective action, if we were considering massive fermions, but we shall avoid
such a complication and consider only the massless case for the moment.
Gauge fixing is another ingredient and, in fact, the process of introducing
ghosts here is standard. We perform the procedure implicitly, until it is necessary
to explicitly take into account the ghost degrees of freedom. Up to considerations
concerning the spectrum, our manipulations do not explicitly depend on the gauge
fixing/ghost system, and we keep it at the back of our minds and formulae.
It is not difficult to see that the field g˜ decouples (up to the BRST condition)
after defining a new gauge-invariant field g˜ = UgV . Using the invariance of the
Haar measure, Dg = Dg˜, the partition function turns into
Z =
∫
Dg˜ eiΓ[g˜]DEDUDVD(ghosts)e−i(cV +1)Γ[UV ]−i
∫
d2z tr [ 12E
2+ 12EF+−]+iSghosts ,
(6)
where the Aµ variables are given in terms of the two-matrix-valued fields U and V ,
as usual.1
In the way the gauge-field strength F+− is presented, it hinders further devel-
opments; however if we write it in terms of the U and V potentials, we arrive at the
identity trEF+− =
i
e
trUEU−1∂+(Σ∂−Σ
−1). We have used the variable Σ = UV ;
this will imply a further factorization of the partition function. In fact, Σ is a more
natural candidate for representing the physical degrees of freedom, since U and V
are not separately gauge-invariant. We redefine E, taking once more advantage of
the invariance of the Haar measure, in such a way that the effective action depends
only on the combination Σ. The variables U and V will then appear separately only
in the source terms. If we eventually choose the light-cone gauge, we will have U = 1
and A+ = 0. It is natural to redefine variables as E˜
′ = UEU−1,DE = DE˜′. Notice
that already at this point the E redefinition implies, in terms of the gauge potential,
an infinite gauge tail, which captures the possible gauge transformations. It is also
convenient to make the rescaling E˜′ = 2e(cV + 1)E˜, with a constant Jacobian. In
terms of the field E˜, consider the change of variables
∂+E˜ =
i
4pi
β−1∂+β , DE˜ = e
−icV Γ[β]Dβ , (7)
introducing β, the analogous of a loop variable. Now we use the identity
Γ[UV ] = Γ[U ] + Γ[V ] +
1
4pi
tr
∫
d2xU−1∂+UV ∂−V
−1 (8)
to transform the βΣ interaction into terms that can be handled in a more appro-
priate fashion. After replacement of E in terms of β in the partition function, and
using (8) for Γ[βΣ], we arrive at
Z =
∫
Dg˜DUD(ghosts)DΣ˜ eiΓ[g˜]−i(cV+1)Γ[Σ˜]+iSghosts×∫
Dβ eiΓ[β]+
µ2i
2 tr
∫
d2z [∂−1
+
(β−1∂+β)]
2
, (9)
where we defined the massive parameter µ = (cV + 1)e/2pi and the field Σ˜ = βΣ,
and we used the Haar invariance of the Σ measure.
Up to BRST constraints and source terms, the above generating functional
factorizes in terms of a conformally invariante theory for g˜, which represents a
gauge-invariant bound state of the fermions, of a second conformal field theory for
Σ˜, which represents some gauge condensate, and of an off-critically perturbed con-
formal field theory for the β field, which also describes a gauge-field condensate,
which we interpret as an analogue of the Wilson-loop variable in view of the change
of variables (7). The conformal field theory representing Σ˜ displays an action with
a negative sign. Therefore we have to carefully take into account the BRST con-
straints in order to arrive at a positive metric Hilbert space. This is reminiscent of
the commonly encountered negative metric states of gauge theories, and appeared
already in the Schwinger model.7 In that case the requirement that the longitudinal
current containing the negative metric field vanishes, implies the decoupling of the
unwanted fields from the physical spectrum. The only trace of such massless fields
is the degeneracy of the vacuum. In that case, the chiral densities commute with
the longitudinal part of the current, and it is possible to build operators carrying
non-vanishing fermion number and chirality. They are, however, constant operators
commuting with the Hamiltonian, and the ground state turns out to be infinitely
degenerate. There are definite vacua superpositions where the above states are just
phases – the so-called θ-vacua. Here we will learn that there is a finite number of
such vacua.
Integrability and duality
At the Lagrangian level we are left, for the massive part of the theory, with the
perturbed WZW action2,3
S = Γ[β] +
1
2
µ2tr
∫
d2z
[
∂−1+ (β
−1∂+β)
]2
,
= Γ[β] +
1
2
µ2∆(β) .
(10)
We will look for the Euler–Lagrange equations for β. It is not difficult to find
the variations:
δΓ[β] =
[
1
4pi
∂−(β
−1∂+β)
]
β−1δβ , (11a)
δ∆(β) = 2
(
∂−1+ (β
−1∂+β) −
[
∂−2+ (β
−1∂+β), (β
−1∂+β)
])
β−1δβ . (11b)
Collecting the terms, we find it useful to define the current components
J+ = β
−1∂+β ,
J− = −4piµ
2∂−2+ J+ = −4piµ
2∂−2+ (β
−1∂+β) ,
(12)
which summarize the β equation of motion as a zero-curvature condition given by
[L,L] = [∂+ + J+, ∂− + J−] = ∂−J+ − ∂+J− + [J−, J+] = 0 . (13)
This is the integrability condition for the Lax pair7
LµM = 0 , with Lµ = ∂µ − Jµ , (14)
where J± = J0 ± J1 and M is the monodromy matrix. This is not a Lax pair as
in the usual non-linear σ-models, where Jµ is a conserved current, and where we
obtain a conserved non-local charge from (13), as well as higher local and non-local
conservation laws.7 However, to a certain extent, the situation is simpler in the
present case, due to the rather unusual form of the currents (12), which permits us
to write the commutator appearing in (13) as a total derivative, in such a way that
in terms of the current J− we have
∂+
(
4piµ2J− + ∂+∂−J− + [J−, ∂+J−]
)
≡ ∂+I− = 0 . (15)
Therefore the quantity I−, as defined above, does not depend on x
+, and it is a
simple matter to derive an infinite number of conservation laws from the above.
These are higher conservation laws.
This means that two-dimensional QCD is an integrable system! Moreover, it
corresponds to an off-critical perturbation of the WZW action. If we write β =
eiφ ∼ 1 + iφ, we verify that the perturbing term corresponds to a mass term for φ.
The next natural step is to obtain the algebra obeyed by I−, and its representation,
in spite of the difficulty presented by the non-locality of the perturbation.
Consider the ∆-term of the action (10). We rewrite it, introducing the integral
over a Gaussian field C− as
e
i
2µ
2∆ =
∫
DC− e
i
∫
d2x 12 tr (∂+C−)
2
−µtr
∫
d2xC
−
(β−1∂+β) , (16)
where the left-hand side is readily obtained by completing the square in the right-
hand side.
In this case we have the action (for a local counterpart and further discussions
see [2] and [3])
S = Γ[β] + iµtr
∫
d2xC−β
−1∂+β +
1
2
tr
∫
d2x (∂+C−)
2 . (17)
Now, the canonical quantization proceeds straightforwardly, and the relevant
phase-space expressions are obtained for J− in (12); because of the C− equation of
motion, these read
J− = −4piµ
2∂−2+ (β
−1∂+β) = 4ipiµC− , (18a)
Π− = ∂+C− , (18b)
while the β-momentum is given by
˜ˆ
Πji =
1
4pi
∂0β
−1
ji + iµ(C−β
−1)ji , (19)
where the hat above Π means that we have neglected the WZW contribution as
before, and as a consequence7
{˜ˆ
Πji(t, x),
˜ˆ
Πlk(t, y)
}
= −
1
4pi
(
∂1β
−1
jk
β
−1
li
− ∂1β
−1
li
β
−1
jk
)
δ(x− y) . (20)
We now come to the point where we should consider the quantization of the
symmetry current I−. Since the only massive scale is the coupling constant, we
have to consider the weak coupling limit. In such a case, we need the short-distance
expansion of the current J− = −4piµ
2∂−2+ (β
−1∂+β) with itself. Since the short-
distance expansion is compatible with the weak coupling limit, where the theory is
conformally invariant, Wilson expansions can be dealt with in the usual way, and
no anomaly is found.2
Since Iij is a right-moving field operator, it is natural to assume, in view of the
Poisson algebra (see [1,2,3] for details), that it obeys an algebra given by
Iij(x
−)Ikl(y
−) = (Ikjδil − Iilδkj)(y
−)
1
x− − y−
−
cV + 1
2pi
δilδkj
(x− − y−)2
. (21)
For J−ij we are forced into a milder assumption. Since Iij is a right-moving field
operator, the equal-time requirements in commutators involving it is superfluous,
and we get an operator-product algebra of the type
I−ij(x
−)J−kl(y
+, y−) = (J−kjδij − J−ilδkj)(y
+, y−)
1
x− − y−
+ 2
δilδkj
(x− − y−)2
.
(22)
Some conclusions may be drawn for J−. It is clear that ∂+J− cannot be zero;
however, in view of (22), we conclude that left (+) derivatives of this current are
primary fields, since
Iij∂
n
+J−kl =
1
x− − y−
(
∂n+J−ilδkj − ∂
n
+J−klδil
)
. (23)
Therefore, we expect an affine Lie algebra for I(x+), and ∂n+J− should be
primary fields depending on parameters x−.
Such an underlying structure is a rather unexpected result, since it arose out
of a non-linear relation obeyed by the current, which can be traced back to an
integrability condition of the model. Moreover, the theory has an explicit mass term
– although free massive fermionic theories as well as some off-critical perturbations
of conformally invariant theories in two dimensions may contain affine Lie symmetry
algebras.
Consider the effective action
Seff = Γ[g˜]− (cV + 1)Γ[Σ] + Sgh + Γ[β] −
1
2
µ2
∫
d2x [∂−1+ (β
−1∂+β)]
2 . (24)
Let us start by first coupling the fields (g˜,Σ, ghosts) to external gauge fields A
ext
− =
i
e
V
ext
∂−V
−1
ext
and A
ext
+ =
i
e
U−1
ext
∂+Uext . Such a coupling may be obtained by substi-
tuting each WZW functional in terms of a gauged WZW theory7. In the case of
ghosts a chiral rotation must be performed. Therefore, after such a procedure and
using again the invariance of the Haar measure to substitute U
ext
[g˜,Σ]V
ext
→ [g˜,Σ],
one finds that the partition function does not depend on the external gauge fields
just introduced. This signals the presence of constraints.4 Similar results follow
from arguments based on the BRST analysis of the theory.5,6 Thus, functionally
differentiating the partition function once with respect to A
ext
+ and separately with
respect to A
ext
− , and putting A
ext
± = 0 we find the constraints
ig˜∂−g˜
−1 − i(cV + 1)Σ∂−Σ
−1 + J−(ghosts) ∼ 0 , (25a)
ig˜−1∂+g˜ − i(cV + 1)Σ
−1∂+Σ+ J+(ghosts) ∼ 0 , (25b)
leading to two BRST charges Q(±) as discussed in refs. [4,5,6], which are nilpotent.
Therefore we find two first-class constraints.
The field A
ext
+ can also be coupled to the field β instead of g˜, since the system
(β,Σ, ghosts) has vanishing central charge too. In such a case we have to disentangle
the non-local interaction considering instead of the β-terms in (24), the β action
S(β) = Γ[β] +
∫
d2x
1
2
(∂+C−)
2 + i
∫
d2xµC−β
−1∂+β . (26)
We make the minimal substitution ∂+ → ∂+ − ieA
ext
+ , repeating the previous
arguments for the (β,Σ, ghosts) system, and we now arrive at the constraint (the
minus gauging is not an invariance if one includes the β system):
β∂−β
−1 + 4ipiµβC−β
−1 − i(cV + 1)Σ∂−Σ
−1 + J−(ghost) ∼ 0 . (27)
One could na¨ıvely expect that, by repeating the previous arguments, one ob-
tains a system with a new set of first-class constraints. But if we consider instead
the equivalent system of constraints defined by the first set (25a), together with the
difference of the (−) currents, i.e. (25b) and (26) as given by
Ωij = (β∂−β
−1)ij + 4ipiµ(βC−β
−1)ij − (g˜∂−g˜
−1)ij , (28)
one readily verifies that the latter cannot lead to a nilpotent BRST charge due to
the absence of ghosts. Therefore, it must be treated as a second-class constraint.
The Poisson algebra obeyed by Ωij is
{Ωij(t, x),Ωkl(t, y)} = (Ω˜ilδkj − Ω˜kjδil)(t, x)δ(x− y) + 2δilδkjδ
′(x− y) ,(29a)
Ω˜ = g˜∂−g˜
−1 + β∂−β
−1 + 4ipiµβC−β
−1 . (29b)
(Notice the change of sign in Ω˜.) Using the above, we can thus define the undeter-
mined velocities, and no further constraint is generated.
The fact that the theory possesses second-class constraints is very annoying,
since these cannot be realized by the usual cohomology construction. Therefore,
instead of building a convenient Hilbert space, one has to modify the dynamics,
since the usual relation between Poisson brackets and commutators is replaced by
the relation between Dirac brackets and commutators. We will not discuss this issue
here (see [2,5,6])
In order to understand the nature of the conservation laws we consider the
conserved charges
Q(n) =
∮
dx−[x−]nI− , (30)
from which one obtains, for the asymptotic charge, as a consequence of its Lorentz
transformation properties, the expression
Q(n) ≃ (p−)
nJ , (31)
where J is the generator of the right transformations for the β fields. This would
mean that the first charge, Q(1), is the generator of right-SU(N) transformations
for the β fields! In the quantum theory there is no contribution from the short-
distance expansion of J− and ∂µJ−, since divergences are too mild. The SU(N)
transformation generators are simple to compute. One has, for left-SU(N) trans-
formations:
J
LSU(N)
+ = 0 ,
J
LSU(N)
− = −
1
4pi
∂−ββ
−1 + iµβC−β
−1 , (32)
while for right-SU(N) transformations we obtain
J
RSU(N)
− =iµC− + [∂+C−, C−] ,
J
RSU(N)
+ =−
1
4pi
β−1∂+β . (33)
For the first set, i.e. the left transformations, one finds that the currents are
equivalent to analogous chiral currents corresponding to free fields. On the other
hand, the right transformations lead to an infinite number of conservation laws due
to the presence of the Lax pair. See [8] for a detailed discussion in terms of the dual
theory, where the procedure is even clearer.
The left indices, such as a, b, c, d are thus free, described by a trivial S-matrix,
while the right indices, such as i, j, k, l are described by an SU(N) covariant inte-
grable S-matrix, which has a well-known classification.9 Indeed, SU(N)-invariant
S-matrices of the integrable type can be classified within five very definite types.9
The first one is trivial. The third one is O(N)-invariant and does not concern us
here. The fourth and fifth types have a rather strange form, but what decides for the
S-matrix of the second type is the fact that in such a case, the particle/antiparticle
backward scattering vanishes: a characteristic of scatterings where antiparticles are
bound states of particles, or a bound-state structure as in the ZN model appears
(see chapter 8 of ref. [7]). In the present case, for large N , the interpretation of β
as a loop variable implies β2 ∼ β. We thus write the (unique) ansatz for scattering
of β particles obeying the above requirements
〈aiθ1, bjθ2|ckθ3dlθ4〉 = δ(θ1 − θ3)δ(θ2 − θ4)δacδbd(σ1(θ)δikδjl + σ2(θ)δilδjk)+
δ(θ1 − θ4)δ(θ2 − θ3)δadδbc(σ1(θ)δilδjk + σ2(θ)δikδjl) ,(34)
where θ = θ1 − θ2 is the relative rapidity.
The discussion of the theory is only complete after we discuss the properties
of the vacuum, described by the conformally invariant part of the action (24).
However, as pointed out in [6] it is described by a G/G topological field theory, and
the vacuum states, obeying the BRST conditions defined by the constraints, are
only two and are given in terms of the eigenvalue of the third component of the g˜
current. Building a level-1 Kac–Moody algebra, there are, in the SU(2)-case, only
two possible values for such an eigenvalue, namely zero or one-half. In the general
SU(n) case, or for a higher representation of the matter fields, a similar structure
arises, with a larger number of vacuum states.
The massive quark case is at present under study,10 and a rich constraint
structure arises in that case as well.
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